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Summary 

Feedback f o r  t h e  con t ro l  of d i s t r i b u t e d  parameter 

systems t h a t  i nco rpora t e  s p a t i a l  and temporal sampling i s  

scudied .  A method t h a t  uses  a modal approach i s  developed 

f o r  t h e  s t a b i l i t y  a n a l y s i s  of such systems. To i l l u s t r a t e  

a p p l i c a t i o n  of t h i s  method, the s t a b i l i t y  of a simple 

d i s t r i b u t e d  parameter e lectromechanical  system i s  examined. 

The e lec t romechanica l  system analyzed i s  one t h a t  has  been 

used t o  model e l e c t r i c  f i e l d  c o n t r o l  of Rayleigh-Taylor 

i n s t a b i l i t y  a t  f l u i d - f l u i d  i n t e r f a c e s .  



I. In t roduc t ion  

Questions concerning t h e  con t ro l  and s t a b i l i t y  of con t in -  

uum o r  d i s t r i b u t e d  parameter systems appear i n  such d ive r se  

a r e a s  a s  aerodynamics, plasma phys ics ,  electrohydrodynamics , 
s t r u c t u r a l  mechanics and the  technologies of nuc lea r  r e a c t o r s ,  

p a r t i c l e  a c c e l e r a t o r s  and chemical r e a c t o r s .  

I n  boundary l a y e r  flow (l), thermonuclear machines (2 ) ,  

magnetohydrodynamic channel flows ( 3 ) ,  and e l e c t r i c  f i e l d  l e v i -  

t a t i o n  ( 4 ) ,  s t a b i l i t y  i s  a primary cons ide ra t ion .  Feedback 

methods a r e  used o r  have been proposed t o  c o n t r o l  p a r t i c l e  beams 

i n  a c c e l e r a t o r s  ( 5 ) ,  s p a t i a l  o s c i l l a t i o n s  i n  nuc lea r  r e a c t o r s  (6) ,  

f l u i d s  i n  normally uns t ab le  conf igura t ions  ( 7 )  and processes  i n  

chemical r e a c t o r s  ( 8 , 9 , 1 0 ) .  Although most of t he  r e p o r t s  about 

d i s t r i b u t e d  parameter c o n t r o l  systems have been i n  t h e  contex t  

of s p e c i f i c  problems, a genera l  theory of d i s t r i b u t e d  parameter 

c o n t r o l  systems i s  developing (11, 1 2 ,  1 3 ,  14 ,  1 5 ,  1 6 ,  17). 
The i d e a l  way t o  c o n t r o l  a d i s t r i b u t e d  parameter system 

would be t o  measure a v a r i a b l e  desc r ib ing  the  s t a t e  of t he  sys-  

t e m  a t  each p o i n t ,  and feed back t o  the  p o i n t  a func t ion  of t h i s  

desc r ib ing  v a r i a b l e  a s  a c o n t r o l l i n g  fo rce .  Genera l ly ,  one i s  

l i m i t e d  t o  s p a t i a l l y  sampling the desc r ib ing  v a r i a b l e ,  and apply- 

ing t h e  c o n t r o l l i n g  force  over a f i n i t e  reg ion  of the  continuum. 

It i s  an i n t u i t i v e  no t ion  t h a t ,  a s  t he  number of sampling s t a t i o n s  

i s  inc reased ,  b e t t e r  c o n t r o l  can be exer ted  over the  continuum. 

For a system wi th  a l a r g e  number of sampling s t a t i o n s ,  i t  i s  n o t  

p r a c t i c a l  t o  make t h e  feedback c i r c u i t r y  f o r  each s t a t i o n  inde- 

pendent of t h a t  f o r  t he  o t h e r  s t a t i o n s .  

t ime-sharing scheme capable of reducing t h e  hardware requirements 

i s  d e s i r a b l e ;  

A type of scanning o r  

such a t ime-sharing system would scan t h e  continuum, 
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examining each sampling po in t  every T seconds. 

This  paper p re sen t s  a method f o r  s t a b i l i t y  a n a l y s i s  of 

d i s t r i b u t e d  parameter feedback systems t h a t  i nco rpora t e  both 

s p a t i a l  and temporal sampling. This  method i s  app l i cab le  t o  

systems whose open loop dynamics can be descr ibed  i n  terns of 

s p a t i a l  modes. 

The d i s t r i b u t e d  parameter feedback proDLem t o  be analyzed 

i s  descr ibed  i n  Sec t ion  11. In  t h e  t h i r d  s e c t i o n ,  t h e  p a r t i a l  

d i f f e r e n t i a l  equat ion  desc r ib ing  the c losed  system i s  manipu- 

l a t e d  i n t o  a f i r s t  o rde r  d i f f e rence  equat ion .  The s t a b i l i t y  of 

t h e  system i s  then determined by examining the s t a b i l i t y  of t h e  

d i f f e rence  equat ion .  To i l l u s t r a t e  t h e  use  of t h e  method 

developed i n  Sec t ion  111, t h e  s t a b i l i t y  of a simple e l e c t r o -  

mechanical system i s  analyzed i n  Sec t ion  I V .  The system a n a l -  

yzed i s  one t h a t  has  teenused t o  model e l e c t r i c  f i e l d  c o n t r o l  

of Rayleigh-Taylor i n s t a b i l i t y  (3)  a t  f l u i d - f l u i d  i n t e r f a c e s  ( 7 ) .  

11. S p a t i a l l y  and Temporally Sampled Feedback 

Consider a continuum div ided  i n t o  S reg ions  ( see  F ig .  1) 

and a va r i ab le  j ( r , t ) ,  - assoc ia t ed  wi th  t h e  continuum, t h a t  is 

descr ibed  by the p a r t i a l  d i f f e r e n t i a l  equat ion:  

The mat r ix  L i s  n x n and i s  the sum of A ,  a cons t an t  ma t r ix ,  and 

- D ,  a matrix whose components a r e  s p a t i a l  d i f f e r e n t i a l  ope ra to r s .  

The feedback fo rce  f t h a t  c o n t r o l s  the v a r i a b l e  4 over  t h e  con- 

tinuum i s  s p a t i a l l y  and temporal ly  d i s c r e t e .  
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t h  For l i n e a r  feedback, the  feedback f o r c e  t o  the  i 

r e g i o n ,  Ri, can be w r i t t e n :  

where M, i s  the feedback ga in  ma t r ix ,  ri i s  the  pos i t ion*  wi th in  

R .  a t  which 

sured and ( t  

remains unchanged. 

i s  measured, t i j  i s  the  t i m e  a t  which - 4 was mea- 
1 

- t . )  i s  t h e  length of time over which the  f o r c e  
j + l  J 

An expression f o r  t h e  feedback term f o r  uniform temporal 

sampling of an S-region system can be obtained wi th  t h e  a i d  

of Tables  1 and 2 .  A t  time (BS+k)z  the  (k+  ,)st  reg ion  i s  

sampled, and the  c o n t r o l l i n g  force  a t  t he  ( k + l ) S t  reg ion  chan- 

ges from E i(Lk+,, (OS-S+k).r) t o  M, &(gk+ 
c o n t r o l l i n g  fo rces  app l i ed  t o  t h e  o t h e r  regions remain unchanged. 

The f o r c e  t h a t  i s  app l i ed  t o  the continuum during the  i n t e r v a l ,  

(BS+k)z < - -  t < (BS+ k+l)z i s  tabula ted  i n  Table 2 ;  

can be w r i t t e n :  

** 

, (SS+ k ) z )  while  t he  

f o r  reg ion  Ri 

~ ( L L ,  (BS + i - 1 ) ~  ) ; 

4(ri, (BS - S + i -  1 ) ~ )  ; k+ 2 < i < S  - -  

1 - (:~ i - K k +  1 
- f ={  

f o r  (BS + k ) z  < t < ( B S + k + l ) z  - - 

* Schemes t h a t  feed back t o  Ri  a weighted average of F over 
R .  can be analyzed with the method t h a t  i s  developed. S ing le  
p o i n t  feedback i s  chosen f o r  i l l u s t r a t i v e  s i m p l i c i t y .  

r e q u i r e  uniform temporal sampling. 
i s  chosen f o r  i l l u s t r a t i v e  s i m p l i c i t y .  

1 

* The method of s t a b i l i t y  a n a l y s i s  t h a t  i s  developed does n o t  
I Uniform temporal sampling 
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Feedback (f) 

TABLE 2 

The e n t r y  f o r  reg ion  Ri i s  t h e  feedback fo rce  app l i ed  t o  

r eg ion  R dur ing  t h e  time i n t e r v a l  ( B S +  k ) z  (t (_ (PS+k+l )  T 
i 

W e  w i s h  t o  develop a method f o r  determining i f  t h e  sys -  
t e m  descr ibed  by equat ions  (1) and (2) i s  a sympto t i ca l ly  

s t a b l e  ( l i m  L ( r , t )  = - 0 ) .  
t+a 

The c l a s s  of systems considered i s  r e s t r i c t e d  t o  those  

f o r  which the open loop so lu t ion  (f = 09 i s  of t h e  form: + 
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The problem i s  further restricted by including only those 

systems for which the spatial modes {am ( E ) )  are orthonormal 
* 

in some sense over the continuum. Under these restrictions, 

the open loop equation is equivalent to a set of pairs of equa- 

m = l , 2 , 3 , .  . . . 
111. A Method of Stability Analysis 

The orthononormality of the @ ( g ) .  makes it possible to 
i m  I 

write f as: 
- f =  

m =  1 

where f = 2 al(m)M_ 4(gi,ti,) and (for systems whose spatial 

modes satisfy Sturm-Liouville equations) : 
7n i =1 

* For the case when 4 is two-dimensional, the highest spatial 
derivative in - D is second order and the equation PQ = E @  is 
separable in some coordinate system; the functions Qm(xl), 
Qm(x ) ,  Qm(x ) into which Q (x) is separable satisfy Sturm- 
Liouville equations and the orthonormality condition: 

2 3 m 

boun ry b P 
mn @ (xi) mn(xi)q(xi)dxi = 6 boundary J a m 

Other systems may satisfy other orthonormality conditions. 
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The orthonormal p r o p e r t i e s  of the {Qm(.;> a r e  again used t o  

w r i t e  t h e  s d l u t i o n  t o  the  closed loop equat ion a s :  
rn 

Equations (1) and (3 .a )  r e q u i r e  t h a t :  

= (A + E )w + f ; m = 1 , 2 , 3  .... ( 4 )  
-m-m -m - In 

Note t h a t ,  while the s p a t i a l  dependence i s  i m p l i c i t  i n  

equat ion  (4), the  e x p l i c i t  s p a t i a l  n a t u r e  of the  problem has 

vanished. Thus, t h e  problem i s  now e s s e n t i a l l y  one of an 

i n f i n i t e  number of coupled, lumped modes. On phys ica l  grounds 

it  i s  apparent  t h a t  an accura te  d e s c r i p t i o n  of the  dynamics of 

the  system can be obtained by consider ing a f i n i t e  number, 

of t hese  modes, and by approximating L ( r , t )  a s :  

It  i s  convenient a t  t h i s  p o i n t  t o  de f ine  a s t a t e  v e c t o r  x : 

x =  - t) -a! 

- x s a t i s f i e s  t he  equat ion:  

- k = B x + g  - -  9 (pS+ k)t (, - -  t <. (BS + k+ l ) ~  
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S 
Using t h e  r e s u l t  obtained i n  t h e  appendix,  t h a t  g =E G .  "( t ip) '  

-1 
i=l 

where t h e  G .  a r e  t h e  func t ions  of t h e  ai(m), Q, (r.) and M - and 
-1 m -1 

where tip [ B S  + ( i - l ) ] ~  ; l < i < k + l  , 
[ O S +  S+ (i- 1) I T  ; k + 2 < i < S  

t h e  s t a t e  equat ion may be w r i t t e n :  
S 

i = l  
= B + G. x ( t ip)  ; (BS+k).r<t  - -  < ( O S +  k + l ) T  

-1 - 
(5) 

The s o l u t i o n  t o  equat ion  (5) v a l i d  f o r  (BS + k)T < t  - -  < (OS+k+ 1 ) ~  

is:  

- x (t) = e- - x[ (OS+ k ) ~ ]  B[ t - (BS+k)Tl 

S +& [e- B[t-  (Bs+wT1- I ] B - ' G .  -1 5 (tip) 

A t  t = (BS + k + l ) ~ :  

S 
( 6  1 Br - x[ (BS+k+l) .r ]  = e- [ (BS+k).r] +E -1 P .  ( t ip )  

i= 1 
BT -1 where P = [e- - I ]  B G .  . Difference  equat ion  (6) r e l a t e s  t he  

s t a t e  of t he  system a t  t i m e  (BS + k + l ) ~  t o  t he  

-1 - -i 
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I 

s t a t e s  of t he  system a t  (PS -t k).r, (PS + k - L ) T ,  ... (BS + k - S + l ) z .  

To determine system s t a b i l i t y ,  we use s tandard  techniques f o r  

ana lyz ing  d i f f e rence  equat ions.  I n  t h e  appendix, t he  S equat ions 

r ep resen ted  by equat ion ( 6 )  are combined t o  o b t a i n  the  s i n g l e  

equat ion:  

J; 

where m = PS.  This  (2s - 1) order  d i f f e rence  equat ion may be re- 

duced t o  the  f i r s t  o rde r  equation: 

X -S (mz) 

; X. (kz) = x(kz +(l- i ) z )  
-1 

Equation (8) i s  asymptot ica l ly  s t a b l e  when the  magnitude of t he  

eigenvalues  of Q a r e  l e s s  than one (lh(Q)i..l). 

the  eigenvalues  of the  (n S)x(n S) ma t r ix  Q determine the  s t a b i l i t y  

of the  S- s t a t i o n  n t h  o rde r  d i s t r i b u t e d  parameter system. 

The p o s i t i o n s  of 

I t  i s  ev ident  from equation (5)  t h a t ,  i n  c o n t r a s t  t o  cont inu-  

ous  t i m e  feedback, temporally sampled feedback leaves the  open loop 

;': See f o r  example: David P .  L indorf f ,  Theory of Sampled-Data 
Control Systems, Wiley, 1965 
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n a t u r a l  f requencies  of t h e  system unchanged. Whereas con- 

t inuous  t i m e  feedback s t a b i l i z e s  by fo rc ing  the  n a t u r a l  f requencies  

i n t o  the  l e f t  h a l f  plane (s -  p l a n e ) ,  d i s c r e t e  t i m e  feedback s t a -  

b i l i z e s  by fo rc ing  t h e  d i s c r e t e  n a t u r a l  f requencies"  ( t h e  e igen-  

va lues  of d i f f e r e n c e  equat ion  (8)) i n t o  the  u n i t  c i rc le  (of t h e  

A p lane ) .  

I t  

I V .  An Example 

The s t a b i l i t y  of t h e  feedback system shown i n  f i g u r e  (2.a) 
w i l l  be analyzed t o  demonstrate a p p l i c a t i o n  of t he  method and t o  

i l l u s t r a t e  some e f f e c t s  of temporal sampling. This  s i t u a t i o n  i s  

of  i n t e r e s t ,  f o r  i t  i s  one t h a t  is  used t o  model t h e  system i n d i -  

ca t ed  schematical ly  i n  f i g u r e  (2.b) of a conducting l i q u i d  sup- 

por ted  a g a i n s t  g r a v i t y  by h y d r o s t a t i c  p re s su re  

no feedback, t he  system i n  f i g u r e  (2.b) i s  u n s t a b l e ;  v ( r , t )  

r ep resen t s  e l e c t r i c  f i e l d  feedback used t o  s t a b i l i z e  t h e  Rayleigh- 

Taylor i n s t a b i l i t y  a t  t he  l i qu id -gas  i n t e r f a c e .  The i n s t a b i l i t y  

( 7 Y  18, "). With 

t h a t  results i n  f i g u r e  (2.a)  when V exceeds V - -  -.FIG i s  
0 max 2 E 0  L 

mathematically s i m i l a r  bu t  less complex than t h e  Rayleigh- 

Taylor  i n t e r f a c e  i n s t a b i l i t y .  The use of  v ( y , t )  t o  s t a b i l i z e  the  

membrane system f o r  va lues  of V g r e a t e r  than V corresponds i n  

a rough way t o  t h e  use of e lectr ic  f i e l d  feedback t o  s t a b i l i z e  

t h e  l iqu id-gas  i n t e r f a c e  i n  f i g u r e  (2 .b ) .  

0 m a X  

The l i n e a r i z e d  equat ion  of motion f o r  t r ansve r se  d i sp lace -  

ments 4 (y , t )  , of the  conducting membrane i s :  

- =  T 4 -  2Eovo V 0 0  
2 

d2 a t2 a t  d3 
P (9) 
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where p i s  the  m a s s  per  u n i t  a r e a ,  B i s  the  e f f e c t i v e  damping 

c o e f f i c i e n t ,  and T i s  the  tension p e r  u n i t  depth.  For  purposes 

of i l l u s t r a t i o n  and ease  of computation, S i s  taken t o  be one, 

t o  be L / 2  and only the  displacement,  4 { y l , k ~ ) ,  i s  fed back: Y 1  
v ( y , t )  = AF, (L /2 ,k~) ;  
r e w r i t t e n  i n  the form of equation (1): 

k.r ( t  - -  <(k + 1 ) ~ .  Equation (9) may be 

2 €  v2 

P d3 

0 0  where t1 = 5 ,  4, - - a t ,  8 = T / p ,  A = B/p,  N = 

and M = 2EOVO 
7- 

I P d 

W e  wish t o  f i n d  the  region i n  M-N-T-A space i n  which t h e  

membrane i s  s t a b l e ;  i f  t h e  feedback i s  e f f e c t i v e ,  the  system 

= N(V ) )  f o r  some va lues  of max w i l l  be s t a b l e  f o r  N \ N  (N 

(1) 

max max 
M,A,z. 

Melcher has  examined s p a t i a l l y  sampled feedback app l i ed  

t o  l o s s l e s s  membranes (A = 0 ,  z = 0 ) ;  f i g u r e  (3)  i s  a summary of  

h i s  r e s u l t s  f o r  S = 1 , 2 , 3 , 4  and S+ co . These r e s u l t s  i n d i c a t e  

t h a t  t h e  reg ion  of s t a b i l i t y  i n  t h e  N-M plane en larges  while  r e t a i n -  I 
1 
I i n g  approximately t h e  same shape a s  S inc reases .  While w e  cons ider  

I only a s i n g l e  s t a t i o n ,  on the  bas i s  of Melcher's r e s u l t s  w e  can 

con jec tu re  t h a t ,  wi th  a temporally sampled system, the  reg ion  

o f  s t a b i l i t y  en la rges  while r e t a i n i n g  the  same bas i c  shape a s  

t h e  number of s t a t i o n s  i s  increased.  
i 

A t y p i c a l  s p a t i a l l y  sampled system (S = 4)  i s  s t a b l e  t o  the  

l e f t  of l i n e  1 ( r e f e r  t o  f igu re  ( 3 ) ) ,  t o  the  l e f t  of l i n e  2 ,  and 
I 

I 

below l i n e  3 .  The i n s t a b i l i t y  t h a t  occurs  t o  the r i g h t  of l i n e  1 

i s  a s t a t i c  (purely exponent ia l )  i n s t a b i l i t y  t h a t  r e s u l t s  because 
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The feedback ga in  M i s  n o t  l a r g e  enough t o  coun te rac t  t h e  

u n s t a b i l i z i n g  e f f e c t  of Vo. 
c o n t r o l  the s p a t i a l  modes whose nodes occur a t  t he  sampling 

p o i n t s ;  the s t a t i c  i n s t a b i l i t y  t o  t he  r i g h t  of l i n e  2 r e s u l t s  

when one of t he  unmonitored modes becomes uns t ab le .  Above l i n e  

3 ,  o v e r s t a b i l i t y  ( i n s t a b i l i t y  cha rac t e r i zed  by growing o s c i l l a -  

t i o n s )  occurs a s  a r e s u l t  of over ly  compensating f o r  t h e  uns t a -  

b i l i z i n g  e f f e c t  o f  V . Systems t h a t  feed back a s p a t i a l  average 

(over R . )  r a t h e r  than a s i n g l e  p o i n t  va lue  of 4 do n o t  e x h i b i t  

t h i s  o v e r s t a b i l i t y ;  averaging schemes do, however, e x h i b i t  

i n s t a b i l i t y  t o  t h e  r i g h t  of l i n e  2. 

The feedback system i s  unable t o  

0 

1 

It follows from equat ion  (10) t h a t :  

For t h i s  system, t h e  cbm(y) , t 3  
am (Y) = ,/F s i n  %CY L = E s i n k y  m 

a r e  c l e a r l y  orthonormal and complete over  (0 ,L) 

The eigenmatr ix  E is: m 

and f is :  m 
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Melcher") argues t h a t  a must be a t  l e a s t  2 s  + 1 t o  ob ta in  an 

a c c u r a t e  d e s c r i p t i o n  of t he  dynamics of t h e  system. 

t h e  equat ion  f o r  t he  s t a t e  vec tor  5 ,  is:  
For a = 3 ,  

Where gl i s  t h e  mat r ix :  

/ o  0 / -$ s i n  k y 0 1 1  
0 
0 1 :  0 

\-E s i n  k y 0 
1 1  

A + g31 

0 
-4M 

TT s i n  k y 2 1  
0 
0 
0 

-4M 
3~ s i n  k y 2 1  

0 
L/2 .kz) 

3 
\ E (  

0 0 

0 -4M 
s i n  k y 

TT 3 1  
0 
0 
0 

-4M - 
~ T T  s i n  k y 3 1  

The state v e c t o r  s a t i s f i e s  t h e  d i f f e r e n c e  equat ion:  

and so  Q i s  the  6 x 6 matrix:  
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The eigenvalue e q u a t i o n ,  de t (1h -  - Q) = 0, f a c t o r s  i n t o  a second 
1+ s o rde r  equat ion and a f o u r t h  o rde r  equat ion .  S e t t i n g  A = 

t ransforms the  requirement t h a t  Ih l<  1 i n t o  the  requirement t h a t  

Re(s) < 0. Applicat ion of t he  Routh-Hurwitz cond i t ions  t o  i n s u r e  

Re(s) ( 0  r e s u l t s  i n  the  fol lowing cond i t ions  ( v a l i d  f o r  small  z) 

t h a t  must be s a t i s f i e d  f o r  t h e  system t o  be s t a b l e :  

* 

(a) A '  > O 

(b)  N '  < 47r 2 

> O  2 2M'  

2 8 M '  
n = l  (c )  A '  - 2 ( A '  +-)T/T 

(d) N t 2 - ( 1 0 - r r  + c ) N '  + 3 3Tr n =1 

3Tr 
2 ( N ' -  137~ )T/T > O  2 1 6 M ' A '  104M'Tr + gsr + 

n 

n 

( f )  M I 2  - y(16a2 - A '  2 ) M ' - - ( P J ' ~ ' ~ -  9TrL 1 6 ~  2 2  16 
3 2 - 1 ~ ~ -  9 A t 2  2 3 7r5 9 A t 3 r  ) M '  

A' )M'  + ( 3 N ' A ' r  - 5 l A ' ~ r  - 2 4 2 -  2 

> 0 
2 

8 4 8 
9N' A ' =  477r6A'  - 2 7 N ' A '  TT + 4 5 N ' A ' l r  - 

- 8  8 + 

where A '  =@ A ; M '  = 3 TL M ; N '  = T L ~  N and T 
n = l  

per iod  of the n = 1 mode with V = 0 and v ( y , t )  = 0. 
0 
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These i n e q u a l i t i e s  de f ine  a region i n  M'-N'-A'-T space (o r  

MI-N' space with A '  and T as parameters) i n  which t h e  membrane 

system i s  s t a b l e .  The s t a b l e  regions f o r  a l i g h t l y  damped sys-  

t e m  (a l i q u i d  l i k e  water) and f o r  a h e a v i l y  damped system (a 

l i q u i d  l i k e  g lyce r ine  o r  molten g l a s s )  a r e  p l o t t e d  i n  f i g u r e  

(4.a) and f i g u r e  (4.b) f o r  var ious  sampling r a t e s .  

From f i g u r e  (4) i t  i s  ev ident  t h a t  t h e  major e f f e c t  of t e m -  

p o r a l  sampling on t h i s  system is  t o  make it  more s u s c e p t i b l e  t o  

o v e r s t a b i l i t y .  Addi t iona l  a n a l y s i s  shows t h a t  a l o s s l e s s  system 

i s  always ove r s t ab le  t o  temporal sampling. S t a b i l i t y  of a system 

inco rpora t ing  temporal sampling i s  made p o s s i b l e  only by t h e  p re -  

sence of loss. This  s e n s i t i v i t y  t o  o v e r s t a b i l i t y  is  n o t  s u r p r i s i n g ,  

f o r  i f  z i s  too l a r g e ,  t h e r e  is an  e f f e c t i v e  l a g  i n  t h e  feedback 

loop t h a t  r e s u l t s  i n  a n e t  a d d i t i o n  of energy t o  the  membrane 

f o r  each membrane o s c i l l a t i o n ,  r a t h e r  than a n e t  removal of ener -  

gy f o r  each o s c i l l a t i o n .  

The p r i c e  pa id  f o r  t he  in t roduc t ion  of temporal sampling, i n  

o rde r  t o  reduce the  hardware requirements of a d i s t r i b u t e d  para-  

meter feedback system, i s  the  increased  s u s c e p t i b i l i t y  of t h e  

system t o  o v e r s t a b i l i t y .  

V. Conclusion 

Appl ica t ion  of  t he  method developed f o r  t he  a n a l y s i s  of 

s p a t i a l l y  and temporally sampled feedback i s  conceptual ly  s t r a i g h t -  

forward: t o  determine s t a b i l i t y ,  examine the  loca t ions  of t h e  

eigenvalues  of a ma t r ix .  However, f o r  even the  s imples t  c a s e s ,  

(n = 2 ) ,  t h i s  ma t r ix  must  be a t  l e a s t  (4s i- 2 S ) x ( 4 S  + 2s) t o  re- 

r e s e n t  t he  system a c c u r a t e l y .  

2 2 

There fo re ,  while a p p l i c a t i o n  of t h e  
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method t o  an S-  s t a t i o n  system i s  s t r a i g h t f o r w a r d ,  S n e e t  n o t  

be very la rge  before  t h e  amount of computation requi red  makes 

implementation of  t he  method u n a t t r a c t i v e .  Although a complete 

a n a l y s i s  o f  an S- s t a t i o n  system, r e s u l t i n g  i n  d e f i n i t i o n  of t he  

s t a b l e  region i n  terms of t h e  feedback g a i n ,  sampling r a t e ,  e t c . ,  

might be unmanageable, the  fol lowing type of p a r t i a l  a n a l y s i s  w i l l  

y i e l d  parameter va lues  t h a t  i n s u r e  s t a b i l i t y :  

(1) Completely analyze the system f o r  t he  case  of S = 1 

o r  S = 2 ,  and choose parameter va lues  ( M , N , z  ...) t ha t  

insure  s t a b i l i t y  ; 

(2) Use these  parameter va lues  t o  examine the p o s i t i o n s  of 

the eigenvalues  f o r  t h e  S- s t a t i o n  system; 

(3)  

l a )  I f  the S- s t a t i o n  system is found t o  be s t a b l e  but  t h e  

parameter va lues  a r e  n o t  a s  d e s i r e d  (perhaps N i s  too  

s m a l l ) ,  increment t he  va lues  and r e p e a t  ( 2 ) .  

b) I f  the S- s t a t i o n  system i s  u n s t a b l e ,  change t h e  para-  

meter va lues  s l i g h t l y  and r e p e a t  ( 2 ) .  

Melcher's r e s u l t s  (7 )  i n d i c a t e  t h a t  the major change i n  s t a b i l i t y  

p r o p e r t i e s  a s  S i nc reases  i s  a change i n  the s c a l e s  of  t he  M and 

N axes .  This sugges ts  s c a l i n g  the parameter va lues  found i n  (1) 
be fo re  advancing t o  s t e p  (2 ) .  The d e t a i l s  of  t h i s  s c a l i n g  be- 

hav io r  a r e  under i n v e s t i g a t i o n .  

To a c e r t a i n  e x t e n t ,  the inc reas ing  complexity of the s t a -  

b i l i t y  a n a l y s i s  wi th  inc reas ing  S i s  due t o  the  inc lus ion  of t h e  

e f f e c t s  of  s p a t i a l  boundaries.  For many f l u i d  systems, the boun- 

d a r i e s  have n e g l i g i b l e  e f f e c t  on the  system dynamics. For such 

continuum systems, Four i e r  t ransform o r  wavetrain techniques have 
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been success fu l ly  appl ied  t o  t h e  a n a l y s i s  of feedback systems 
inco rpora t ing  l a r g e  numbers of s p a t i a l  samples (7919) ; such 

techniques may a l s o  prove u s e f u l  f o r  reducing the  complexity of 

a n a l y s i s  of systems incorpora t ing  temporal sampling i n  conjunc- 

t i o n  w i t h  a l a r g e  number of s p a t i a l  samples. 

I 
t 
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Appendix 

1. Evaluation of g: 

g =  (7 --a 

Consider the following four (na)x(na) matrices: 

T i 
i a 

i 
nu A - id  

0 

. 
b 

e 

T '  

0 

M 
- 
- 

(M, i s  nxn) 

I c na > 



Appendix (Cont . ) 

a 
-id m 

a 

t 
n 

(& is the nxn ident i ty  

matrix) 

I n u  

I t  is a straightforward matter t o  v e r i f y  that g may be expressed 

i n  terms o f  these matrices ,  a s :  

Defining Gi = Aid Ed g i d  
enables g t o  be written: 

S 



Appendix (continued) 

2 .  Manipulation of d i f f e rence  equation ( 6 ) :  

BT - x[BS + k + 1)2]  = e- ~ [ ( B S + k ) z l  + 
-1 i= l  

L e t  BS = M 

BT k = 0 : & [ ( m + l ) z ]  = e- z(Mz)+ P . x  (MT) + ps E [  (M- 1)23 -1- 

+ Ps-1 z[ (M - 2) T ] + . . . +P -3- x [ (M + 2 - S ) T ] 

+ p2& [ (M+ 1- S ) T ]  

+ P x [ ( M - l ) ~ ] +  ... +P -3- x[(M+ ~ - S ) T ]  -S- 

BT k = S - 1  : - x[(M+S)z]  = e- - x[ (M+ S -  l ) ~ ] +  &E[ ( M +  S )z ]  

-s-1 P 

-1 - 

- X[ (M+ S - 2 ) ~ I - t . .  .+E2x[ (M+ l ) ~ ]  

+ P ~ ( M T )  

I f  t he  k = 0 through k = S-2 equations a r e  s u b s t i t u t e d  i n t o  

the k = S-1 equat ion,  the following equat ion r e s u l t s :  

Q2 = [P -2 + -3 P {[P+ -2 P 3 + I) + ....... 3 E3 

= [P  + P (egT+ p2)+ I& ireE% P I +  QS -2 -3 -2 

+ . . . I  p2 
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Figure 1 

A continuum divided i n t o  S reg ions .  Associated 

with the  continuum i s  the v a r i a b l e  L ( r , t > .  - 
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Figure 2 

(a) The one-dimensional conducting membrane system 
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(b) Conducting f l u i d  supported against  gravity by hydrostatic 

pressure. Electric f i e l d s  are used t o  s t a b i l i z e  the l iquid-  

gas interface.  
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Figure 3 

r e s u l t s  f o r  one,  two, I ( 7 )  M-N plane p l o t  of  Melcher s 

t h r e e ,  f o u r ,  and i n f i n i t e  s ta t ion systems. 
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Figure 4 . a  

S t a b i l i t y  c h a r a c t e r i s t i c s  of a l i g h t l y  damped system 
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Figure 4 . b  

S t a b i l i t y  c h a r a c t e r i s t i c s  of  a heav i ly  damped system 


